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Abstract. This work is devoted to the study of a Cauchy problem for a certain family of
g-difference-differential equations having Fuchsian and irregular singularities. For given formal
initial conditions, we first prove the existence of a unique formal power series X (t,z) solving
the problem. Under appropriate conditions, ¢-Borel and g-Laplace techniques (firstly developed
by J.-P. Ramis and C. Zhang) help us in order to construct actual holomorphic solutions of the
Cauchy problem whose g-asymptotic expansion in ¢, uniformly for z in the compact sets of C,
is X (t,z). The small divisors phenomenon owing to the Fuchsian singularity causes an increase
in the order of g-exponential growth and the appearance of a subexponential Gevrey growth in
the asymptotics.

1. Introduction. This work is a slightly modified, abridged version of our paper [I5],
which has been published in J. Differential Equations. In particular, some basic hypothe-
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ses in that work have been simplified in our present arguments, so that results are now
easier to state but less general, and some technical proofs have been omitted. Moreover,
we include here some examples of the equations under consideration.

Partial differential equations of the form

272072 (20,) 05 u(t, z) = F(t, 2,0, 0.)u(t, z), (1)

where S;r1,ro € N := {0,1,...} and F is some differential operator with polynomial
coefficients, have been studied by the second author in [I8] [I'7]. These equations belong
to a class of partial differential equations with both irregular singularity at ¢ = 0 in the
sense of Mandai [21] (see also [6] 23]) and Fuchsian singularity at z = 0 (see, for example,
(1 4L 9l 111, 221 [31]).

Departing from 1-Borel summable formal initial data in some direction d € R

(@la)(t,0) =a;(t) e C[[]], 0<j<S-1, (2)

one can construct the formal solution a(t,z) = >, <o Um(t)2z™/m! € (C[[t])[[2]] of
@. @

If 1y = 0, 4(t, 2) is 1-Borel summable with respect to ¢ in the direction d, if this is well
chosen, as a series with coefficients in the Banach space of holomorphic functions near
the origin (in z) with the supremum norm, see [I7]. Whereas if 71 # 0, the Gevrey order
with respect to t suffers increasement, caused by the presence of small divisors introduced
by the Fuchsian operator (z9,)™, see [I§].

As a g¢-analog of the problem , where 0; is replaced by the operator
(f(gt) = f(t))/(¢t — t) for ¢ € C (which formally tends to 0; as |g| tends to 1), we
consider the g-difference-differential equation

((20. + 1) (tog)"? +1)SX (1, 2) = Zbk )(tog) ™ (OEX)(t2g" ™) (3)

with given initial conditions
@IX)(t,0) = X;(1) eC[[f]], 0<ji<S—1, (4)

where S, mg k, m1 1 are nonnegative integers for 0 < k < S —1 and ¢ € C with |¢| > 1.
0, stands for the dilation operator (0, X)(t, 2) = X (qt, 2), and by () are polynomials in 2.
As in previous works [19], [16], the map (¢, z) — (¢™0#t, zg~™*-*) is assumed to be volume
shrinking, meaning that the modulus of the Jacobian determinant |g|™o*~™t+ < 1. We
will always assume that r; > 0, while ro > 1. The problem , is studied under
Assumption (A) (see Section on the parameters involved in the equation. The following
are some examples of equations solved in the present work:

Let S = 2, moo = ]., mig = 5, mo1 = 0, mi; = 2 with IO = {2,3} and .[1 = {1} We
fix boa, bos, b11 € C. If we take 7 = 0 and 7 = 1 the equation (3) turns into

t0? X (qt, z) + 0°X(t, 2) = (boa + boz2)2*tX (qt, 2q7°) + b1120. X (t, 247 ?),
whilst for 71 = 1 and ro = 1, the problem considered is

t203X (qt, 2) + t0? X (qt, 2) + 02X (t, 2) = (bog + bo32)2*t X (qt, 2q™°) + b1120. X (t, 2™ 2).
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Advanced/delayed partial differential equations have also been widely studied, see
for example [12] 13, 14, 24] B0, B3]. Some authors have considered the use of special
function transforms for the study of asymptotic properties of the solutions of ¢-difference-
differential equations [I0] [25]. Our present work is a contribution to this area.

This Cauchy problem , has a unique formal solution X(t, z) = Zh>0 Xh( ) AL
where Xh(t) = > >0 fmpt™ € C[[t]], h > 0 (see Lemma . Our main result (The-
orem |7 states the construction of an actual solution X (¢, z) which is asymptotically
represented by (t z) in some sense to be described precisely later. For this purpose, we
study the auxiliary Cauchy problem

((20. + 1) 7" +1)05W Zbk 70 (QRW ) (7, g7 (5)

with initial conditions
(@IW)(7,0) = Wy(r) € C[[r]], 0<j<S-1. (6)

The g-Laplace transform is the key when reducing the study of (3), to this auxil-
iary problem (see Lemma 4.2). The g-Laplace transform we consider was introduced by
J.-P. Ramis and C. Zhang in [29], and in recent years it has been used with great success
in the study of the asymptotic properties of solutions of g-difference equations, see [§],
in much the same way as the classical Laplace-Borel transform has been applied to the
asymptotic study of formal solutions to differential equations and singular perturbation
problems in the complex domain (see the works of W. Balser [2] [3], B. Malgrange [20],
J.-P. Ramis [26] or O. Costin [7]).

This new Cauchy problem 7 @ is studied in two respects.

Firstly, we study the behavior of the solution when departing from initial data W;
being holomorphic functions defined in a g-spiral Vg% = {v¢" : v € V, h € Z}, with
g-exponential growth (or order 2). Here, V' C C\ {0} is a well chosen bounded open
set and ¢ is also well chosen. In Theorem [{:3] we prove there exists a unique solution of

B ©@. .
OEDACES (7)

h>0

holomorphic on V¢% x C and of g-exponential growth (of order 1) in 7, in the terminology
of [29], uniformly for z in any compact set of C. The increase in the order may be seen
as an effect of the small divisors appearing in the problem.

Secondly, if one departs from functions Wj, 0 < j < § — 1, which are holomorphic
near the origin, the coefficients in @ turn out to be holomorphic functions in discs Dy,
with radii tending to 0 as h tends to infinity (see Theorem . Indeed,

1\7/ 1 \P
sup Ia"Wh(T)ISCl(T) (71) Alhl(h 4+ 1)7/72 g =02 > 0.

TED),

The constant 7" > 0 is common for every element of the set of initial conditions in the
auxiliary problem (14), (see Theorem and also for the ones in the auxiliary
problem , (see Theorem . A more general result concerning a wider choice
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of these constants is supplied in [I5]. However, the corresponding constants related to T
in [15] suffer an increasement while they keep preserved here.

Departing from initial conditions under both assumptions, one can apply the ¢g-Laplace
transform on W, (see Proposition, obtaining holomorphic functions which are defined
in a common domain 7y 45, (see @ for its definition) for all A > 0.

The main result of this paper (Theorem [7.2)) states that, if one departs from well
chosen formal initial conditions Xj7 0<j<5-—1, one can find a solution of ,

h
z
X(t2) =Y LaWi)(t) 7 -
h>0
which is holomorphic in 73 4,5, x C, and such that given R > 0, there exist constants
C > 0, D > 0 such that for every n € N, n > 1, one has

n—1 h
m % ~yn 1 n(n—1)/214n
|x(t,2) - 323 fuat J1| < D (1)) a2
for every t € Ty 469, 2 € D(0,R). Again one may note that the small divisors phe-
nomenon has caused the appearance of the term I'(7L(n +1)).

The paper is organized as follows. Section [2| provides the information concerning
the g-Laplace transform. Section [3] is devoted to the study of a first auxiliary Cauchy
problem in suitable weighted Banach spaces of formal Laurent series. This is needed
in the following section, more precisely, in the proof of Theorem [I.3] A second Cauchy
problem in weighted Banach spaces of formal Taylor series is stated in Section [5] leading
to Theorem [6.1] Finally, in Section [7 the solution of the main problem is constructed,
giving asymptotic properties (see Theorem . Some final remarks on the nature of the
solution in the special case that r; = 0, in which no small divisors appear, are remarked.

We fix some conventions. C* stands for C\ {0}, and N for the set {0,1,2,...}. D(0,r)
denotes the open disc with center 0 and radius » > 0. Given a set V C C and ¢ € C, we
define

Vit ={vg":veV, heZ}, V¢ ={vg":veV, heN}.

2. A g-analog of the Laplace transform and g-asymptotic expansion. In [29]
and [32], the authors introduce the concept of a g-analog of the Laplace transform. In
this section, we recall this concept and some of its main properties. The proof of the
next proposition is in the spirit of the one corresponding to Proposition [7.1] which can
be found in [15].

PROPOSITION 2.1. Let g € C such that |q| > 1. Let V' be an open and bounded set in C*
and D(0, po) a disc such that VN.D(0,po) # 0. Let (F, |- ||r) be a complex Banach space.
We also fiz a holomorphic function ¢ : V¢ U D(0, po) — F which satisfies the following
estimates: there exist C; M > 0 such that
2

l¢(zg™) e < Mlg™ /2C™ (8)
for allm >0, all x € V. Let © be the Jacobi Theta function defined in C* by

@(1’) _ Zq—n(n—l)/gxn.

nez
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Let 6 >0 and A € VN D(0, pg). We denote by
Raqs={teC: 1+ tqik) >6VEEL), Tigsm =RagsNDO).  (9)
The q-Laplace transform of ¢ in the direction A\g” is defined by
Lo =Y s n/e(L2)

mEZ

for allt € Ty 4500, if 11 < |Ag*/2|/C. Moreover, C{I\(QS)(t) defines a bounded holomorphic
function on Ty 4.6 with values in F when r1 < [Aq'/2|/C. Assume that the function ¢
has the following Taylor expansion

o) =Y (10)

n>0

on D(0, pg), where f, € F, n > 0. Then there exist two constants D, B > 0 such that

L3(0)(1) ~ nil fut™|| < DB"|q|"" D2 e[ (11)
m=0 F

for alln > 1, for allt € Ty .5 -

REMARK. In the situation described by it is said that E(?(gzﬁ) admits the series
oo fmt™ as ¢-Gevrey asymptotic expansion of order 1 (whenever the exponent of |g]
in the bounds is n(n — 1)/(2r) the order is said to be r). Analogously, a function that
satisfies estimates such as is said to have g-exponential growth of order 1 in V¢'.

If ¢(2) =3 ,>0anz™ is an entire function such that there exists C' > 0 such that

|an| < Cexp(—(n—a)?/2)
for all n > 0 and some « > 0, then ¢ satisfies the estimates . For a reference, see [27].

REMARK. It is worth noticing that Theta Jacobi function ©(z) satisfies the g-difference
equation O(qz) = qzO(z) for all z € C*, so that it turns out to be a useful tool in the
framework of g-difference equations.
In general, one has ©(¢™\/t) = ¢™"+D/2(\/t)mO(N\/t) for all t € C*. Moreover,
from Lemma 4.6 of [28], there exists K; > 0 such that
O(¢™\/t)| > K16 *”“HWIQ "
0(¢™A/1)| > K 7% gl -

for all t € Ry 4,5, all m € Z. This growth property is implicitly exploited in the present
work.

It is straightforward to check the following

PROPOSITION 2.2. Let V' be an open and bounded set in C* and D(0, po) be a disc such
that V.1 D(0,pg) # 0. Let ¢ be a holomorphic function on V¢ U D(0, po) with values
in (B, || - |lr) which satisfies the estimates: There exist C, K > 0 such that ||¢(x¢™)||r <
Klq|™/2C™ for allm >0, all z € V. Then the function Mo(7) = 7¢(7) is holomorphic
on VgV UD(0, py) and satisfies estimates of the form (8). Let A € VN D(0, po). We have
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the equality
La(Mg)(t) = tLy(6)(at)
for allt € Ty g5, if 1 < |AgY2|/(Clq]).
For convenience, we recall the following concepts.

DEFINITION 2.3. A series f(t) = > >0 fnt"™ € Cl[t]] is said to be g-Geuvrey of order 1 if
its so-called formal q-Borel transform of order 1,
A r fn "
BHVOZEZ;m:ﬁETﬂ
n>0
converges (i.e. it has positive radius of convergence).
The formal q-Laplace transform of order 1 of a series §(1) = 3, 55 gn7" € C[[7]] is
defined as
Lag(t) = q"" "V 2gut",
n>0

so that these formal transforms are inverse of each other.

It is immediate to check that, in agreement with Proposition for every g € CJ[]],

Lq(rg)(t) = tLa(at)- (12)

3. A Cauchy problem in a weighted Banach space of formal Laurent series.
With the help of the ¢g-Laplace transform we will change our initial problem , into
an equivalent one 7 @, whose study will require the consideration of two auxiliary
Cauchy problems. The first of them, which we are going to present in this section, will
be crucial in the study of the g-exponential growth of the coefficients of a solution of
, @ Although our equation involves a complex number ¢ with |¢| > 1, in this section
and in Section [5| we will be only concerned with the value |g|, so we directly work with a
real value ¢ > 1.

DEFINITION 3.1. We consider the vector space E, (7 x) of formal Laurent power series

h
T _
V(§,$) = Z ’Ul,hé.l ﬁ € C[[£a§ 13 13]] (13)
IE€Z,h>0 :
such that .
, lvinl 0 X
V&= > oria T 5 <o

where T, X > 0, ¢ > 1 are positive real numbers and where

L2y Lip—Lp2 4f1>0,h>0
P(l,h){4 oo 2 e

—in? if 1 <0, h>0.
The space (Eq,(7,x), || - [[(r,x)) is a Banach space.
REMARK. Notice that (Eq7(T,X’)a H . ||(T,X’)) — (Eq,(T,X)a || . ||(T,X)) is a continuous inclu-

sion when 0 < X < X'.
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We consider the integration operator 9,1 defined on C[[¢, £, z]] by

o, (Vv Z VL, h— 15 - e(C[[{“,f_l,x]].

l€Z,h>1

The main result in this section, Theorem rests on the following technical lemmas
whose proofs are omitted for simplicity.

LEMMA 3.2. Let mq,s,hi,hy > 0 be nonnegative integers. Let T, X > 0. Assume that
s+hg > 2hq, m1 > s+ha. Then there exist C > 0 (depending on q, s, hi, ha, m1) such that
[2* (05 "2 V)(¢" €, 2 /q™)|| ) < CXCHDNV(E D), x) for all V(E,z) € Eq,r,x).-

LEMMA 3.3. Let s,hy > 0 and Ty, Xg > 0. Then there exists 0 < X1 < Xoq~° and
for all Ty > 0 satisfying ¢~™MTy < Ty < Toq®/>~ ™, there exists a constant C; > 0
(dependmg on q,S,hl,TO,XO) such that HIESV(thfvf)H(ThXI) < C1||V(£ax)||(To,XU) fOT’

all V(E,Z) S ]Eq,(To,Xo)'
LEMMA 3.4. Let ho > 0 and Ty, Xg > 0. Then there exists 0 < X7 < Xg and for all Ty

satisfying To < Ty < Toq"2/?, there exists a constant Cy > 0 (depending on q, he, Ty, Xo)
such that ||8;h2V(f, o)y, x) < Col|V(&, 2 || (To.Xo0) for all V(§,7) € Eq (1), x0)-

Let S, mok, M1k, 0 <k < S —1 be positive integers. Let D be the linear operator
from C[[¢,£71, )] into C[[¢, 71, #]] defined by
S—1

DV(§2)) = 07V (§2) = > ap(@) (V) (g™ & w/q™ ),

k=0

for all V e C[[¢, €71, 2]], where ax(x) = Y- o) arsx® € Clz], with Iy being a finite subset
of N, for0<k<S-—1.
We make the following hypothesis.

ASSUMPTION (A). For all 0 <k < S —1, for all s € I}, we have
s—k>2mop, mik>s+5—k
REMARK. This assumption can be weakened to be
s+S—k>2mor, mip>s+S-—k,

forall0 < k <S5 —1, for all s € I} if one asks additional conditions on the growth
properties of the initial conditions in . These constraints would be related to the
constant 7' in E,, . See [15] for detaﬂs

We consider the operator A from C[[¢, &7, z]] into C[[¢, &7, z]] defined by

T
)

A(V(&,2)) = V(€,2) = D(0;°V(€,2) = ) an(2)(0y V) (q" €, 2 /g™ )

0

=
Il

for all V e C[[¢, 671, 2]].
From Lemma we deduce the following
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LEMMA 3.5. Let T > 0. Then there exists X > 0 such that A is a linear bounded operator
from (Eq (1. x), |l - (7, x)) into itself. Moreover,

1
AV (& 2)llrx) < SIVE D)%),
for all V € Ey (1 x)-

From Lemma we deduce

COROLLARY 3.6. Let T > 0. Then there exists X > 0 such that Do 9, is an invertible
linear operator from (Eq (1. xy, |- l(1,x)) into dtself. In particular, there exists C > 0 such
that

ID(8; °b(&, )l (r,x) < ClIbE @)l (7,x)
for all b(§,x) € By (7 x)-
THEOREM 3.7. Let S > 1 be an integer. For all 0 < k < S —1, let mg i, m1, be positive

integers and ay () = Y o5 arst® € Clz]. Let Assumption (A) be satisfied.
Consider the functional equation

S—1
=) a(@) (V) (g™, g™ (14)
k=0
with initial conditions
(DV)(E,0) = ;(€), 0<j<S—1 (15)

We assume that ¢;(&) € Eq (7, x,) for 0 < j < S—1, where Xo > 0 and T > 0. Then there
exists X > 0 such that the problem , has a unique solution V(§,z) € E(r x).
Moreover, there exists C > 0 (depending on S, q, ar(x), Mok, M1k for 0 <k <S—1 and

Xo, T) such that
5—1

V(&) lr.x) < C N6l r,x0)-

7=0

Proof. A formal series V(€,2) € C[[¢,£71, z]] which satisfies (15]) can be written in the
form V (&, 2) = 05U (€, 2) + (€, 2) where

S—1 j
2) =3 6i(6)°
j=0

and U(&,x) € C[[¢,671,2]]. A formal series V (£, z) € C[[¢,£71, z]] is a solution of the
problem , if and only if U(, x) satisfies the equation

D(0, °U(¢,2)) = —D(I(£,x)). (16)

By construction,
5-15-1

Z Z Z gm. k(U a:; k‘)' Is+jik¢j(qmo'k£).

k=0 j= kselk

From Lemma (taking Top = Ty := T) and Assumption (A), there exists X; > 0 such
that 25 =Fg;(gmorE) € By rx,y forall 0 < k< S—1,allk <j<S—1 alse .
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Moreover, there exists C7 > 0 (depending on Iy, j, mo x, Xo, T') such that

12* 7% 5 (q™ )l ez x1) < Cull s (€)l,x0)- (17)
We deduce that D(I(&,z)) € Eq (r,x,) and from there exists a constant C > 0
(depending on ¢, ay(x), Mok, M1k for 0 <k < S —1 and Xy, T') such that
5-1

1D 2))llerx) < CF Y 165l x0)- (18)

7=0
From Corollary we deduce that equation has a unique solution U(,z) €

Eq (1,x,)- Moreover, there exists a constant Cy > 0 (depending on g, ar(x), mo x, m1 k
for 0 < k <5 —1) such that

U 2)l(r.x1) < CollDUE, 2)) . x1)- (19)

Take T} = Tp := T in Lemma We derive there exists Xo < X such that 9;7°U (€, z) €
Ey,(7,x,). Moreover, there exists a constant C3 > 0 (depending on ¢, S, T, X1) such that

107 5U (& @)l (7, x2) < CallUE )7, x,)- (20)
From Lemma (with Ty = Ty := T'), there exists X3 < X3 such that I(§,7) € Eq (1, x,)-
Moreover, there exists a constant Cy > 0 (depending on S, ¢, T, Xy) such that
5-1

1€ @)l (7. x0) < Ca Y 5 ()l - (21)
7=0
Finally, the formal series V (&, x) = 9;°U (€, z) + I(&, ), solution of problem 7 ,

belongs to E, (1 x,). Moreover, from the inequalities , , and , we get a
constant C5 (depending on S, ¢, ax(z), mok, m1x for 0 <k < S—1 and Xy, T) such that

s-1
V(D) rxs < Cs Y 165 r.x0)- ®

7=0

4. A Cauchy problem in analytic spaces of g-exponential growth. Let S > 1,
r1,72 > 0 be integers. For all 0 < k < S — 1, let mg, m1,; be positive integers and
br(z) = Zselk brsz® be a polynomial in z, where I is a subset of N. The next lemma is
concerned with formal solution of the problem , .

LEMMA 4. 1 For every choice of formal series X e C[[t]], 0 < j < S —1, the Cauchy

pmblem . ) has a umque solution in the form of a formal power series X(t z) =
h

> hs0 Xh( ) =, where X, € C[[t]] for every h > 0.

With the help of the ¢-Laplace transform, we reformulate our problem. Consider the
Cauchy problem

(20, + 1) 7" +1)05W Zbk TR (OSW) (7, 27T ) (22)

with initial conditions

(QIW)(r,0) =W,(r) eC[[r]], 0<j<S—1. (23)
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LEMMA 4.2. The formal series X (t,z) = 2 om0 Xnu(t )Zhh,, where X, € C[[t]] for every
h >0, satzsﬁes the Cauchy problem . . zf and only if the formal series W(T z) =
Zh>OB Xu(r )h, satisfies the Cauchy problem (22)), [23) with W;(r) = B X ,0<j<8S.

Conversely, W(1,2) = 3150 Wi (1 )H7 with Wy, € C[[7]] for every h > 0, satisfies the
Cauchy problem , if and only if the formal series X(t,z) = >0 EAth(t)%
satisfies the Cauchy problem (3), with X;(t) = LW;(t) for0<j < S ~1.

Proof. Tt suffices to insert each series in the corresponding Cauchy problem and apply
@ «

Let V be an open and bounded set in C*, and ¢ € C with |¢g| > 1. In the following result
we study the g-exponential growth of the coefficients of a solution to the Cauchy problem
7 . We will depart from initial conditions W;, 0 < j < S —1, holomorphic in V¢%.
We make Assumption (A) in the previous section, so that we may apply Theorem
and we also suitably choose ¢ and V in order to deal with a small divisors problem.

THEOREM 4.3. Let Assumption (A) (of Section be fulfilled by the sets I and the
integers mo i, M1, for 0 <k < S —1.

1) We make the following assumptions on q and on the open set V: q is of the form
q = |qle?, with 0 = 21t/(bry) for some b € N, b > 1. If V™2 = {a™ : x € V}, we
assume that there exists € € (0, min{m/b, w/2}) such that

o b 2ml
VN <1L_J0S(_7T+ T,Qa)) =0,

where S(d, ) stands for the unbounded sector in C with vertex at 0, bisected by
direction d and with opening .

2) The following assumptions on the initial conditions hold: Let T > 0. There exists
a constant Ko > 0 such that

2,0 1\!
sup IV (xq')| < Kolal"/*()
zeV T
forall0<j<S—1,alll >0.
Then there exists a unique solution of ., .

_ 1
sup |W;(zq l)| < KoT! ] (24)
zeV

1
1+127 + 12

(1,2) = W(r,2) = ZWh

h>0

which is holomorphic on V¢% x C. Moreover, for all p > 0, there exists C > 0 (depending
on p, S, |ql, bi(2), mo g, m1x for 0 <k <S—1 and T) such that

2 1\!
sup |W(qu,z)| < CK0|q|l /2 (T) , sup \W(:Eq_l,z)| < CK,T! (25)
z€V,2€D(0,p) z€V,2€D(0,p)

for all 1 >0 (where Ko > 0 is defined in (24)).
Proof. From the hypothesis 1) in the statement, there exists 6 > 0 such that

|(h+ 1) ag™ +1] > 6 (26)
foralll € Z,allh >0,all x € V.
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REMARK. Condition 1) in the previous statement could be replaced by a more general
condition, namely: Let ¢ and V' be such that is satisfied for some § > 0 and for all
l€Z,al h>0,all z € V. However, we prefer to use 1) because of its easy geometrical
interpretation.

We consider the sequence of functions Wy(7), h > S, defined as follows

Wh+s zq") Z Z b, ™0k gm0k W g (2q)) (27)

=0 o er, (BT Drigraqrel +1) halgmoshe

for all h > 0, all I € Z, all x € V. One checks that the sequence Wj,(7), h > 0, of
holomorphic functions on V¢%, satisfies the recursion if and only if the formal series
W(r,z) = > 10 Wh(T)% in the z variable, satisfies the problem , . From this
we deduce that the solution W, if exists, is unique.
According to and (27)), we can recursively prove that the sequence (wy p)iez,n>0
defined by
wyp, = sup [Wh(xqh)|, (28)
eV

for all [ € Z, all h > 0, consists of positive real numbers. Due to , the sequence
(wi,n)1ez,h>0 satisfies the following inequalities: There exists r > 0 (depending on mg x, V')
such that

‘mo Kl

wy h+S < Z Z |brn, | 7 |g|™ W ho+k
1) h2!|q‘m11kh2
k=0 hy-+ha—h,h1 €T,

foralll € Z, all h > 0.
We consider the sequence of real numbers (v;1)iez,n>0 defined by the recursion

vy h+S bkn, | 7 |g| ™0 v pytk
: 29
Z > 5 (29)

hollg|mi,xhe
k=0 hy+ha=h,h1 €% 2!lg|

with initial conditions v; ; = wy ;, for 0 < j < .S—1, all | € Z. By construction, we deduce
that
win < ULk (30)
foralll € Z, all h > 0.
In the following, we put ay () = > ; (|bks|r/d)x® for 0 < k < S —1 and we consider

the formal Laurent series V(§,2) = Y27 15 vy p&! %l From the recursion 1} we get
that V (&, z) satisfies the following Cauchy problem

Zak V)(Elgo x/lql ™) (31)

with initial conditions
(B2V)(£,0) = §;(&) =D wi €', 0<j<S—1 (32)
l€Z
From the hypothesis , we get that for any 0 < j < .S —1, ¢;(£) belongs to Ejg/ (7, x,),
for all Xy > 0. By hypothesis, Assumption (A) holds for the sets I} and the numbers
Mok, M1,k From Theorem we deduce that the unique solution V'(¢, z) of the problem
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. satisfies V (¢, x) € Eq),(1,x) for a real number X > 0. Moreover, there exists a
constant C > 0 (depending on S, |q|, ax(z), mo x, m1x for 0 <k < S —1 and Xy, T') such
that

S—1
IV(E Dlrx) < O 1165l rx0)- (33)
7=0
From the inequality P(l,h) < E — 2 foralll €Z, h >0, and we get that there

exists a constant C’ > 0 (dependlng on S,|q|, ar(x), mo k, m1 i for O § k< S—1and X,
T) such that
2 2 1IN/ 1N\P 2 1\"»
foual < KoC'lal Pla ™0 ( ) () lo-inl € KoClla ™ TR () (34)
for alll > 0, all h > 0, where Kj is the constant introduced in . From the inequalities

and (34)), we get that
sup W (zq', 2)| < KoC'|q|* /2( ) (Z| |=h /4( ) )

z€V,z€D(0,p) h>0
5 h
wp (Wag™ ) < KoC'T (3 10l (§))
z€V,ze€D(0,p) h>0

for all [ > 0, all p > 0. So the estimates hold. m

5. Second auxiliary Cauchy problem. Our second approach to the auxiliary problem
is to assume the initial conditions Wy, 0 < h < S — 1, of , are holomorphic
functions in suitably small neighborhoods of 0. Our purpose is to obtain information
on the rate of decreasing of the derivatives of the functions Wy, h > 0, coefficients of
the solution constructed in Theorem near the origin. This will be done in the next
section, where we will need the second auxiliary Cauchy problem we deal with in this
section.

DEFINITION 5.1. Let ¢ > 1 be given. Let us consider the space Hr x) of formal power
series

Vga) = ) vzhéfecuf,xn

1>0,h>0

‘V(§7x)|l(T7X) = Z

1>0,h>0

such that

where T', X are positive real numbers.

The space (H(r,x), |- [(1 x)) is a Banach algebra.
REMARK. We have a continuous inclusion (Hr,x), [ [(7 x/)) = (Hr,x): |- [(7,x)) when-
ever 0 < X < X'.

The procedure followed in this section matches point by point with the one used in
Section [3] so details are omitted. In this section, only the second inequality of Assump-
tion (A) must hold. It is worthy to point out that the series R(¢) := 3,5, 2°7¢¢%, involved
in the following result, belongs to Hp x if and only if 7" < 1/2. -
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THEOREM 5.2. Let us consider the Cauchy problem

S—1
SV(Ew) =) er(@)RE@OEV)(E /|q™ ") (35)
k=0
with initial conditions
(IV)(£,0) =¢;(6), 0<j<85-1, (36)

and assume that ¢;(§) € Hp x,), 0 < j < S —1, where Xo >0 and 0 < T < 1/2. Then
there exists X1 > 0 such that the problem , has a unique solution V(£,x) €
Hr, x,). Moreover, there exists C > 0 (depending on S,q,Xo,T, and ci(x),miy for
0<k<S-—1) such that

V(. 0)irx,) < OZ 1656 x0)-

6. Estimates for the derivatives of Wj; near the origin. In the Cauchy problem
, we consider initial conditions W} which are holomorphic functions respectively
defined in open sets containing the closed disc

Dj={r:|r|<1/@QG+1)"™)}, 0<j<S-1,

(for the sake of brevity, we say that W; is holomorphic in D;). Then Cauchy’s integral
formula for the derivatives allows us to obtain constants A; > 0 such that for every
natural number n > 0 we have max_ 5. |0"W;(7)] < Ajnl. So, the assumptions in the
following result are not restrictive. Its proof is not slgnlﬁcantly simplified with respect to
the corresponding one in [I5], Theorem 4, which provides a generalization, so we omit it
and refer to [I5] for the details.

THEOREM 6.1. Consider the Cauchy problem , . Suppose W;(1), 0 < j < S—1,
are holomorphic functions in Ej such that there exist constants T, K > 0 such that
n 1\* n! )
Then there exists a formal solution of [22), @3), W(7,2) = 350 W}L(T)%?, where Wy,
is a holomorphic function in Dy = {1 : || < 1/(2(h +1)"/"2)}, h > S. Moreover, there
exists a constant X1 > 0 such that
nys o1 N7 )

sup 05 < ()" (5) nldtG + )/l 2, (37)

TED Xl
for every n,j > 0, where Cy is a positive constant (depending on S, q,T,by(z) and mq j
for0<EkE<S-—1).

7. Analytic solutions of the Cauchy problem with Fuchsian and irregular sin-
gularities. Let W), be the initial data in the Cauchy problem (22)), (23), and suppose
they are subject to the hypotheses of Theorem [£:3]and to the hypotheses in Theorem
Those results give us a sequence of functions {W}, },>0, holomorphic in V¢ZU Dy, for each
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h > 0, and such that the series

b
W(r,z) = ZWh(T) m

h>0

defines a holomorphic function on Vg% x C which solves the Cauchy problem.
Moreover, from , and in the proof of Theorem we know that

2 12 1 l 1 h
sup [Wi(2g')| < KoC'la"lal™/*0! () (5) (38)
zeV

for all [,h > 0.

Let us choose A € V and § > 0. By we see that every W), satisfies estimates as
those in . If we choose an integer n(h) in such a way that Mg M) € Dy, then, according
to Proposition the g-Laplace transform of W), in the direction A\g"(" ¢%, which clearly
equals A\¢%, is given by

Agn () _ Wi(gm™Ag"™) Wi(g™N\)
ﬁq (Wh)(t) T%:Z @(qm)\q"(h)/t) = @(qu/t) ’
so that it deserves to be denoted by £3 (W} )(t). This function is well defined and holomor-
phic in the set Tyn) 4 6,(n) Which is equal to Ty g 5.r(n), Wwhenever r(h) < A" Mg/ ?|T.
We will show that these radii r(h) can be taken independent of h, equal to ro =
IA'/2|T/|q| = [Ag~'/?|T for every h > 0, and we will obtain precise estimates for the
corresponding g-asymptotic expansions.
Let us assume that the function Wj, has the following Taylor expansion at 0,

Whi(r) = Z qn(fnn%)/z ™, (39)
n>0
where f, , € C,n,h >0, and 7 € Dy,.

The proof for the next result can entirely be reproduced regarding Proposition 3
in [15], so its demonstration is omitted. We only point out that the estimates in
Theorem the properties of Theta Jacobi function (see the second remark after Propo-
sition and the estimates in are taken into account in its proof which also rests

on an appropriate modification of the corresponding one in Proposition providing
the estimates in .

PROPOSITION 7.1. In the situation assumed in this section, there exist B(h), D(h) > 0
with

B(h) = Ay(h+ 1)/ D(h) = Ay(h+ 1)"/m2hlAb|g| 7" /4, (40)
where A1, Ao and Az are positive constants that do not depend on h, such that
n—1
LyW)(t) = 3 fmat™| < DB [gl" =0/ (41)
m=0

for alln > 1, for allt € Ty q.5.r,-

We are ready to obtain our main result.



¢-ASYMPTOTICS OF ¢-DIFFERENCE-DIFFERENTIAL EQUATIONS 87

THEOREM 7.2. Suppose X, (t) = Zm>0 fmd e C[[t]], 0 < j < S —1, are given initial
conditions for the Cauchy problem (3| , and let

= Xu(t) szmhtmﬁ

h>0 ! h>0m>0

be the only formal series solution of the problem (see Lemmap We suppose that the
series X (t), 0 < j < S8—1, are g-Gevrey of order 1, and that their formal q-Borel trans-
forms of order 1, W;(t) = Bqu(T), which are holomorphic functions around 0, indeed
satisfy the assumptions of Theorems [£3] and [6.1] We also assume that the remaining
hypotheses of Theorem [4.3| are satisfied. Let W(r,2) =350 Wh(T) 37 be the solution of
the Cauchy problem 1.' , corresponding to the initial conditions W;, 0 < j < S—1.
Then

1) The function X(t,2) =3 5 £q’\(Wh)(t)%}; is holomorphic in Ty 4.6+, X C.
2) The function X (t,z) solves the Cauchy problem , .
3) Ifry > 1, given R > 0 there exist constants C, D > 0 such that for every n € N\ 0,

‘ (t, 2) Zmehtm—’<C’D”F< (n+1))|q\”(” D2|gm (42)

h>0m=0
for every t € Ty g5y, 2 € D(0, R).
If r1 =0, given R > 0 there exist constants C,D > 0 such that for everyn e N, n > 1,

n—1 h
z = =~ nln—
[X(t,2) = 303 fuat™ 7| < CD g2 (43)

h>0m=0
for every t € Ty 4.5r,, 2 € D(0, R).

REMARK. Due to the estimates and (43)), we may say that the function X(t,z)

admits the series Zh>0 Zm>0 fm, ht }, as g-asymptotic expansion of order 1 in ¢, uni-
formly for z in the compact subsets of C. It may be noted that, because of the small
divisors problem we have dealt with, a new factor appears in the estimates, in terms of
the Eulerian Gamma function. The value r;/ry may be thought of as a sub-order, or a
second-level order, in the asymptotic expansion.

Proof. 1) In view of 7 for n =1, and we have that
£ (Wa)(®) = foul < DI)B)IE < Ar(h+1)>7/7 At AR g~ v
for every h > 0, every t € 7} 4,5.r,- According to the estimates we have
1\" 2
<Ci(=) hlg|™"/?
| fo,nl < 01(X1> lq

for every h > 0. So, we conclude that there exist A4, A5 > 0 such that

L2 (W) ()] < AsALhlg| /4
for every h > 0, every t € Ty 4,5,r0- Then for z € D(0, R)

> LW ] <3 Ay(AsR)" g < o,

h>0 h>0
so that the series converges and the function it defines is holomorphic in 73 45,-, x C.
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2) Since the series Y-, Wh(r)zh—}; is a solution of (22), (23), one can guarantee that
X(t, z) is a solution of the Cauchy problem , by Proposition
3) For every n > 1, every (t,2) € Tx g5, % D(0, R), the sum

n—1

Zz.fmhtmm

h>0m=0

is convergent, as we see from the estimates in . One may take into account
and and write

‘ (t, 2) szmhtmhv’<2’ﬁ (Wa)( me’Lm‘ Rl

h>0 m=0
— n ri(n T —h?
SAQA?\C]V”E 1)/2|t| Z(h+1) 1(n+1)/ 2(A3R) lq| h*/4

h>0

n n(n— n r1(n T — — 2
AT g D2 N D pr DI (A )M g~ (DA (44)
h>1

T AR

In case r; = 0, the conclusion easily follows, since the last sum is convergent and inde-
pendent of n. In case r; > 1, we follow an idea of B. Braaksma and L. Stolovitch [5]. Let
e > 0, and let v be a contour that goes from coe™'" to —¢ along the negative real axis,
then it turns once around 0 in the positive sense, and it goes from —e to coe!™ again
along the negative real axis. For pu := %;’1) > 0, Hankel’s formula allows us to write

I‘(Ziil) = ﬁ fv elss=h=1ds, so that the sum in l) may be written as

D(p+1) By —(h—1)2/4 hs ,—p—1
TZ(A?’R) lq] 7e sTH ds

h>1
(s + 1
_ ('ui"'.)Z/S*lﬁl‘q|f(h*1)2/4(A3Res)hds. (45)
2w el

We consider now the entire function F(z) = >, lg|=(h=1?/4zh 2 € C. The series
converges uniformly in every closed disc. Observe that as s runs over v, its real part
remains bounded above, and the same is valid for the modulus of AzRe®. So, we may write
F(A3Re®) =", |q\’(h’1)2/4(A3Res)h uniformly in v, and the dominated convergence
theorem ensures that

Z/ g A AR s =[5 gl g e ds

h>1 v h>1
:/s*“*lF(AgRes)ds. (46)
2l

Moreover, F(A3Re®) remains bounded as s runs over v, say by M > 0, and it is easy to
obtain, estimating on each of the three parts of -, that

M 2 M MH
‘/ s IF(AsRe®) ds| <2 — + T (47)
~ pet gH ,us“

where M > 0 is some suitable constant independent of . Gatherlng , , and
and from the definition of y one can conclude. m
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REMARK. The case r; = 0, as it may be seen in the last theorem, deserves some attention,
since the Fuchsian singularity at z = 0 does not appear any more. The most important
consequence of this fact is the disappearance of the small divisors phenomenon we had
in general.

Moreover, the condition 1) in Theorem concerning the argument of ¢ and the
set V', can be relaxed. Indeed, the estimates hold if one assumes that there exists
§ > 0 such that dist(V"2¢"2%, {—1}) > §, where dist is the Euclidean distance between two
sets in C. For example, suppose V is such that there exist Ry, Ry with 0 < Ry < |272] < Ry
for all # € V, and suppose that Ry < |g|R; and |¢|™' Ry < 1 < |g|™2U*tD R, for some
7 € Z. In Theorem all the functions W}, are holomorphic in a common disc, say D,
and there exists a constant X; > 0 such that

- l)n(i)] Lillg|—3%/2
fggm W;(7)| Scl(T X, nlj!lq|
for every n,j > 0. The proof of Proposition [7.1] admits some simplification, and one
obtains that

n—1
2
L3Wa)(6) = D Fmnt™] < AshlALlq) /AT g" D2,
m=0
for every h > 0, n > 1. Finally, no sub-order appears in the g-asymptotic expansion of
the solution X (¢, z).
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